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Abstract There are various cosmological models with
polytropic equation of state associated to dark energy.
Polytropic EoS has important applications in astro-
physics, therefore a study of it on cosmological frame-
work continues to be interesting. From the other hand,
there are various forms of interactions phenomenolog-
ically involved into the darkness of the universe able
to solve important cosmological problems. This is a
motivation for us to perform a phase space analysis of
various cosmological scenarios where non linear inter-
acting polytropic gas models are involved. Dark matter
is taken to be a pressureless fluid.
Keywords Interacting dark energy models; Late time
attractors; Nonlinear sign changeable interactions
1 Introduction
Various approaches do exist to explain an accelerated
expansion of the large scale universe (Riess, A.G et al.
1998; Perlmutter, S. et al. 1999; Tegmark, M. et al.
2004; Abazajian, K. et al. 2004, 2005; Hawkins, E. et
al. 2003). We can explain available observational data
using different forms of unknown ”material” known as
dark energy (Yoo, J. et al. 2003; Setare, M. R. 2007a,
2009a,b) (and references therein). For instance, scalar
fields can be used (Li, M. et al. 2005, 2012). How-
ever, physical reason of the accelerated expansion of
the large scale universe could be hidden in another
place, therefore various other ideas also have been
developed (Clifton, T. et al. 2012), including back-
reaction (Villata, M. 2013; Rasanen, S. et al. 2011;
Buchert, T. et al. 2012). Dark energy models can be
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discriminated between two groups. The first group does
contain models where dark energy models have explic-
itly given EoS (Bento, M. C. et al. 2002, 2012; Kamen-
shchik, A. Yu. et al. 2012; Pourhassan, B. et al. 2014;
Kremer, G. M. 2003; Capozziello, S. et al. 2005), while
the second group does contain the models, where the
form of the energy density is known (Cai, R.-G. et al.
2011; Khurshudyan, M. et al. 2015; Som, S. et al. 2014).
These two approaches, actually, do not reduce priority
of the models, because this is mathematical trick. Re-
cently, dark fluids have been studied intensively, due to
the fact that with a given EoS, which could be non lin-
ear also, it is possible to reduce mathematical complex-
ity of the problem. Reducing of the complexity does
not mean that we should lose important solutions. In
nature we have either linearity or non linearity. In case
of EoS of the dark fluids, it is the same. Consideration
of non linear EoS does mean, that in this way we can in-
clude some physical processes, which is not possible to
do in case of a linear EoS. Viscosity, is going to be one
of the actively studied options giving a rise to non lin-
ear EoS fluids (Fuhrer, F. et al. 2015; Bamba, K. et al.
2015; Acquaviva, G. et al. 2015; Giovannini, M. 2015;
Brevik, I. et al. 2015; Sasidharan, A. et al. 2014). EoS of
the dark energy (dark fluid) can be a solution of an al-
gebraic or a differential equation as well (Bamba, K. et
al. 2012; Nojiri, S. et al. 2005). Study of dynamical dark
energy models has been suggested, after the discovery
that the simplest model of the dark energy, cosmologi-
cal constant Λ, does give the cosmological coincidence
problem (Velten, H et al. 2014). However not all cos-
mological models containing a dynamical dark energy,
can give results compatible to observational data. Very
soon it has been found that an interaction between the
components of the universe can give desirable results,
namely, can solve the cosmological coincidence prob-
lem and give appropriate behavior to the cosmological
parameters. Considered forms of the interaction have
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2phenomenological origin and mainly formed from the
dimensional analysis (Guo, Z. K. et al. 2005; Wei, H. et
al. 2006; Cai, R. G. et al. 2005; Zhang, H. et al. 2005;
Wu, P. et al. 2007; Chen, X. M. et al. 2009; He, J. H.
et al. 2009; Chimento, L.P. 2009; Setare, M. R. 2006,
2007b,c,d; Jamil, M. et al. 2008). It is not excluded that
a fundamental theory explaining the origin of the inter-
action could be constructed when the nature of dark
energy and dark matter will be established. Various in-
teresting interacting dark energy models has been con-
sidered, however, still there is not any success towards
the discovery of the fundamental theory. However,
from the other hand observational data does support
the idea of interacting dark components. Moreover, re-
cently, using modern observational data, it was possible
to show about an existence of sign changeable interac-
tions (Cai, R. G. et al. 2010; Wei, H. 2011; Forte, M.
2014). There is a huge number of cosmological models
where EoS of the dark energy is associated to the EoS
of polytropic gas (Karami, K. et al. 2009)
Pp = Kρ
1+1/n
p , (1)
where K and n are two constants and ρp it is the energy
density of the dark energy. Interest towards such EoS is
due to its applications in astrophysics (see for instance
Ref. (Karami, K. et al. 2009) and references therein).
Recently, some examples of non linear interactions be-
tween dark energy and dark matter have been consid-
ered - an exchange between the components of the uni-
verse is a non linear process (Koyama, K. et al. 2007;
Arevalo, F. et al. 2012; Khurshudyan, M. et al. 2015).
In this paper we are interested by two phenomenolog-
ical possibilities, namely, some examples of non linear
and sign changeable non linear interactions are con-
structed. We will perform stability analysis of various
cosmological models, where polytropic EoS is associ-
ated to dark energy, while dark matter is considered as
a pressureless fluid. Particularly, we are interested by
cosmological scenarios where into the darkness of the
universe two following interactions could be involved
Q = 3Hb
(
ρ+
ρˆ
ρ
)
, (2)
and
Q = 3Hbq
(
ρ+
ρˆ
ρ
)
, (3)
where H it is the Hubble parameter, b is a constant, q it
is the deceleration parameter, ρ it is the energy density
either of the effective fluid or one of the components
of the effective fluid. ρˆ = ρiρj it is the product of en-
ergy densities of dark energy and dark matter (if i=j
we simply have ρ2i ). According to very high accurate
approximation, the dynamics of the large scale universe
is due to dark energy and dark matter, therefore an ef-
fective dark fluid is considered, which can be described
as
ρeff = ρDM + ρDE , (4)
and
Peff = PDM + PDE . (5)
It is known that a phase space does contain all possible
states of the system. Therefore, instead to solve the
field equations for some initial conditions, it is conve-
nient to perform phase space analysis and understand
the qualitative behavior of a cosmological model. In
cosmology late time attractors are of great interest, be-
cause they provide relatively simple way to understand
the large scale universe for a huge class of initial condi-
tions.
The paper is organised as follows: In section 2 we will
give the definition of the interacting models in modern
cosmology and will present basics of the phase space
analysis to find late time attractor solutions of the field
equations of General Relativity. In section 3 late time
attractors are found and classified for various cosmo-
logical scenarios. To save a place we presented only
late time attractor solutions among all critical points
obtained from the autonomous system. Finally, discus-
sion on obtained results are summarised in section 4.
2 Interacting models and autonomous system
It is well known that to describe the dynamics of the
large scale flat FRW universe we need the following set
of equations
H2 =
a˙2
a2
=
8piGρ
3
, (6)
and
a¨
a
= −4piG
3
(ρ+ 3P ). (7)
We suppose, that the cosmological constant Λ = 0, the
gravitational constant G and c are constants with c =
8piG = 1. In modern cosmology an exchange between
dark energy and dark matter is described in a such way
that
ρ˙eff + 3H(ρeff + Peff ) = 0, (8)
3should take a place for the effective fluid. Therefore, in
Physical Literature, widely accepted option describing
an exchange inside the darkness is
ρ˙DM + 3H(ρDM + PDM ) = Q, (9)
and
ρ˙DE + 3H(ρDE + PDE) = −Q. (10)
The form of Q is determined under phenomenological
assumptions, mainly, the dimensional analysis is used
to construct them. It is reasonable to consider interac-
tions which could improve previously known results and
at the same time will not make the mathematical treat-
ment of the problems complicated. It is widely believed
that deeper understanding of the nature of dark energy
and dark matter could give a fundamental explanation
of the phenomenological assumptions about the form of
Q. It is known that a phase space of a dynamical sys-
tem it is a space in which all possible states of a system
are represented. To analyse the dynamical system of
the interacting polytropic gas, following to experience
existing in Physical Literature (see for instance (Xu, Y.
D. et al. 2013)), we set
x =
ρp
3H2
, (11)
y =
Pp
3H2
, (12)
z =
ρm
3H2
, (13)
and
N = ln a, (14)
where a it is the scale factor. To have physically reason-
able solutions we should have the following constraints
0 ≤ x ≤ 1 and 0 ≤ z ≤ 1. At the same time we should
remember that x and z according to Eq. (6) should
satisfy to the following constraint
x+ z = 1. (15)
In term of x and y EoS parameter of the polytropic gas
does read as
ωp =
Pp
ρp
=
y
x
, (16)
while the EoS parameter of the effective fluid does read
as
ωeff =
Pp
ρp + ρm
= y, (17)
because dark matter is considered as a pressureless
fluid. It is not hard to show that the deceleration pa-
rameter q does read as
q = −1− H˙
H2
=
1
2
(1 + 3y). (18)
There is a huge number of articles presenting phase
space analysis of different cosmological models (Xu, Y.
D. et al. 2013; Jarv, L. et al. 2004; Chen, X. et al. 2012;
Leon, G. et al. 2014; Yang, R. et al. 2011) (to mention
a few). From the next section we will start our study
taking into account general algorithm of finding criti-
cal points of the autonomous system x′ and y′, where
′ it is the derivative with respect to N . Solutions of
x′ = 0 and y′ = 0 should be found first, then the sign
of the determinant and trace of the Jacobian matrix of
x′ and y′ will point out the stability of the critical point.
It is well known that if the trace of the Jacobian ma-
trix is negative, while the determinate is positive, then
the critical point is stable, because the real parts of
eigenvalues are positive. From the other hand a stable
critical point it is an attractor, which is we are looking
for. Therefore, we need to find the range of the model
parameters such, that to have a physically reasonable
stable critical points i.e. 0 ≤ xc ≤ 1 and 0 ≤ zc ≤ 1.
3 Late time attractors
In this section we will present late time attractors (to
save a place) of the field equations corresponding to
several interacting polytropic dark energy models. In
order to be able to perform the study we assumed the
form of interaction term Q to be given.
3.1 Interaction 1
The first model which we would like to analyse is de-
scribed by the following interaction
Q = 3Hb
(
ρp + ρm +
ρ2m
ρp + ρm
)
. (19)
The autonomous system of this model does read as
x′ = −3b (2 + (x− 2)x)− 3(1− x)y, (20)
and
y′ = 3y(1 + y)− 3(1 + n)y (x+ y + b(2 + (x− 2)x))
nx
.
(21)
4In this case only one physically reasonable stable critical
point (E.1.1) does exist
x =
2b− 1 +√1− 4b2
2b
and y = −1, (22)
when
n ≤ −1 and 0 < b < 1
4
√
2n2 − 1
n2
− 1
4n
, (23)
or
−1 < n < 0 and 0 < b < 1
2
. (24)
This solution is a late time scaling attractor, because
r =
Ωm
Ωp
=
√
1− 4b2
2(1− 2b2) −
1
2
, (25)
is a constant. Our future analysis does show, that this
late time scaling attractor does describe the state of
the universe where EoS of the effective fluid is ωeff =
−1, the deceleration parameter q = −1 and EoS of
the polytropic gas does exhibit a phantom behavior
(quintessence behavior is not possible) with
ωp = − 2b
2b+
√
1− 4b2 − 1 , (26)
when
n ≤ −1 and 0 < b ≤ 1
2
√
2
, (27)
or
−1 < n < 0 and 0 < b < 1
2
, (28)
or
−
√
1− 4b2
(1− 8b2)2 +
2b
1− 8b2 < n ≤ −1 and
1
2
√
2
< b <
1
2
,
(29)
3.2 Interaction 2
The second model interesting for us is a model, where
polytropic dark energy is interacting with dark matter
via
Q = 3Hb
(
ρp + ρm +
ρ2p
ρp + ρm
)
. (30)
Only one late time scaling attractor does exist for this
model and it is does read as (E.1.2)
x =
√
1− 4(b− 1)b− 1
2b
, (31)
and
y = −1. (32)
This solution is obtained from the autonomous system
x′ = −3b(1 + x2)− 3(1− x)y, (33)
and
y′ = 3y(1 + y)− 3(1 + n)y (b+ x(1 + bx) + y)
nx
. (34)
It is not hard to see that ωeff = −1, q = −1, while
ωp = − 2b√
1− 4(b− 1)b− 1 , (35)
and
r =
Ωm
Ωp
=
2b+
√
1− 4(b− 1)b
2(1− b) . (36)
Discussed late time scaling attractor does represent the
universe where polytropic gas is a phantom energy,
when one of the following conditions does take a place
n ≤ −1 and 0 < b < n− 1
2n
, (37)
or
−1 < n < 0 and 0 < b < 1. (38)
3.3 Interaction 3
In this subsection we will consider a cosmological model
where interaction of the following form is involved into
the darkness of the large scale universe
Q = 3Hb
(
ρp + ρm +
ρpρm
ρp + ρm
)
. (39)
Among four critical points obtained as solutions from
the appropriate autonomous system only one is a phys-
ical reasonable. It is of the following form (E.1.3)
x =
1 + b−√1 + (5b− 2)b
2b
, (40)
and
y = −1. (41)
Our analysis does show that this solution is late time
scaling attractor describing a universe where polytropic
gas is a phantom dark energy, when
n ≤ −1 and 0 < b < 2n− 5
10n
+
1
10
√
5 + 4n2
n2
, (42)
5or
−1 < n < 0 and 0 < b < 1. (43)
For this model ωeff = −1, q = −1,
ωp = − 2b
1 + b−√1 + (5b− 2)b , (44)
and
r =
Ωm
Ωp
=
3b+
√
1 + (5b− 2)b− 1
2(1− b) . (45)
3.4 Sign changeable interactions
Interaction terms considered in subsections 3.1 - 3.3 are
interactions with fixed sign and indicate an exchange
from dark energy to dark matter. Recently it was found
that during the evolution of the universe interaction
has changed the sign. This mean that an exchange
from dark matter to dark energy has been in the his-
tory of the universe. Sign changeable interactions con-
sidered in this subsection are constructed according to
well known algorithm, the deceleration parameter q is
involved, from the interactions considered in subsec-
tions 3.1 - 3.3. Appropriate real critical points are sum-
marised into Table 1. We have considered the following
forms for Q
Q = 3Hbq
(
ρp + ρm +
ρ2m
ρp + ρm
)
, (46)
Q = 3Hbq
(
ρp + ρm +
ρ2p
ρp + ρm
)
, (47)
and
Q = 3Hbq
(
ρp + ρm +
ρpρm
ρp + ρm
)
. (48)
Our analysis did show that obtained critical points are
not stable. Compared to the interactions terms in sub-
sections 3.1 - 3.3, appropriate sign changeable interac-
tions do not allow us to obtain late time attractors.
4 Discussion
In this paper various interacting polytropic gas cos-
mological scenarios have been considered. Instead to
solve the system of differential equations for some initial
conditions, we performed phase space analysis. Phase
space does contain all possible states of the system,
therefore does provide qualitative understanding of the
cosmological scenarios. Some examples of non linear
interactions involved into the darkness of the universe
have been considered. Appropriate critical points and
late time attractors have been found. Considered three
forms of non linear interactions provide late time scaling
attractors corresponding to the state, when polytropic
gas is a phantom energy. Motivated by the fact that us-
ing the deceleration parameter q we can construct sign
changeable interactions, we considered three cosmologi-
cal models with sign changeable non linear interactions.
New interaction terms are constructed from non linear
interactions considered in subsections 3.1 - 3.3 using
the deceleration parameter q. It was easy to obtain the
critical points of appropriate autonomous systems and
see that they are not stable. Which does mean that
late time attractors for these models are missing. It is
of a great interest to consider other forms of non linear
interactions obtained from Eq. (2) and Eq. (3) for more
comprehensive understanding of late time behavior of
appropriate cosmological models. In near future, our
goal is to pay a particular attention to different forms
of sign changeable interactions considered in this paper.
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6Table 1 Critical points for the models where sign changeable non linear interactions are given via Eq.-s (46) - (48)
S.P. Q x y
E.2.1 Eq. (46)
1+2b±
√
1−4b2
2b
−1
E.2.2 Eq. (47)
1±
√
1−4b(1+b)
2b
−1
E.2.3 Eq. (48) 1
2
(1±√5) 0
E.2.4 Eq. (48)
b−1±
√
1+(2+5b)b
2b
−1
Fig. 1 Phase space portraits for the models with interac-
tion term given via Eq. (30) and Eq. (39). For symmetry
we plotted phase space portrait when x ∈ [−1, 1], however,
physically reasonable range for x ∈ [0, 1]
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